A simple model of strongly disordered systems composed of anharmonic oscillators with quenched random interactions is introduced and its structural phase transition is studied by making use of the replica method. A freeze-in transition characterized by Edwards and Anderson type's order parameter (q *0), the phase diagram (para-ferrodistortive-frozen), and a constant susceptibility below the transition temperature are derived in the mean field (Einstein oscillator) approximation. The self-consistent phonon approximation is also used to study the effect of spatial fluctuations, and it is shown that the phase diagram undergoes a qualitative change at the spatial dimension d=4. The relationship between our model and the Ginzburg-Landau theory of spin.glasses are discussed. § 1. Introduction
In recent years, there has been gathered a considerable interest in the effect of impurities (or defects) on the static and dynamic response near the structural phase transition. Halperin and Varma 1) showed the possibility that impurities are relevant for a central peak near the structural phase transition. They treated a displacive system containing random defect cells in the mean field theory, and showed that a small concentration of defect cells can account for the narrow central peak. The impurities considered by Halperin and Varma break the translational symmetry of the crystal and give rise to the local modes. Hoch and Thomas discussed the existence of local-mode condensation {local freezing-out) in such a system by the mean field theory.2) However both the theories concern with the case of a small concentration of impurities, and cannot be applicable to the case of strongly disordered system, where configurational fluctuation effects due to the quenched randomness are dominant. With respect to the lattice dynamics in a strongly disordered system, the case with isotopic mass disorder (diagonal disorder) treated by Chakrabarti 3 ) using the replica method is the only example hitherto considered. On the other hand, in strongly disordered spin systems, with quenched randomness, much progress has recently been made on spin glasses. 4 ), 5) It is widely believed that the spin glass transition can essentially occur in the quenched disordered system with the competing interactions (frustrations). Such a new type of phase transition will also be expected in the disordered ferroelectrics. For example, the dipolar glasses in alkari halides with substitutional impurities like OH and CN have been discussed by several authors6) on the basis of random Ising model in a transverse field. Furthermore, recently, the experiments with respect to the disordered ferroelectrics such as ferroelectric mixture, dirty ferroelectrics, amorphous ferroelectrics, etc., are going to be in much progress. Under the circumstances mentioned above, it seems to be necessary to investigate theoretically the strongly disordered systems of the displacive (lattice dynamical) model with quenched randomness as well as the order-disorder one (Ising spin modeI 6 »). While the anharmonic oscillator model has been often used to explain the conventional structural phase transitions by the Ginzburg-Landau theory (GLT), the GLT has also been adopted to explain the spin glass transitions in order-disorder systems by several authors.
Likely, the analogy between the theories of spin systems and of anharmonic oscillator systems will generally be useful to transform the former to the latter even in the quenched random systems as well as the regular systems. 10) However such an explicit development has not almost yet been performed by any author.
The purpose of the present paper is to predict a possibility of a freeze-in transition in a sense of spin glass-like transition in an anharmonic oscillator system with quenched random interactions (off-diagonal disorder), and to give some theoretical aspect proper to such a system, e.g., a constant susceptibility and a constant correlation length below the transition temperature. We show some analogy between present oscillator model and GL T of the spin glasses, and discuss some delicate problem relevant to the freeze-in (or the spin glass) phase.
In § 2 we first present a model Hamiltonian, and derive a general formulation of the freeze-in transition on the basis of the variational principle using the replica method. In § 3 we make use of the mean field (Einstein oscillator) approximation to solve the self-consistent equations simply, and obtain the phase diagram and a constant susceptibility below the freeze-in transition temperature. In § 4 we apply the self-consistent phonon theory to include the effects of the spatial fluctuations, and study the dependence of the spatial dimension d on the freeze-in transitions. We show the qualitative change of the phase diagram happens at d = 4 (2) where [ Jav denotes the average with respect to the random variable Vij. We postulate that vW and vW after averaged restore the lattice translational symmetry. The free energy of the system is written as (3) with the partition function Z at a given configuration {Vij}. Then, using the replica method, we can write Eq. (3) as
n-O n where the n-replicated partition function z(n) is expressed as
We shall first carry out the random averages over {Vij} on the assumption that each Vij is statistically independent. Using Eqs. (1) and (2), we have z(n)= f"fd{P/}d{x/}exp{-(3!f{~m with the effective Hamiltonian in the classical case :*)
N ow we define a quasi free energy for the replica number n by
from which F of Eq. (4) with the limit n --> 0 can be obtained as in the spin-glass physics. 5 ) To calculate F(n) of Eq. (8), we use the variational principle: (9 ) *) In the quantum mechanical case, the procedure is more complicated by reason of the comutation relation between Pi and Xi. where HJn) is the trial Hamiltonian (hereafter we omit the kinetic part because of the classical treatment) to be taken as In Eq. (9) <"'>0 means the thermal average and FJn) is the free energy with respect to the trial system with Hamiltonian HJn), and in Eq. (10) h/ means E + E/, where E and E/ represent the external and internal (fictious) fields respectively and the coefficients MI'/ are chosen as
on the assumption that the replica symmetry is unbroken.
Introducing the lattice Fourier transformations:
and we rewrite Eq. (10) as 
where
and
N ext we define the correlation functions
and (16b) then, referring to Eq. (7), we obtain
The variations of F(n) in Eq. (9) with Eqs. (13), (14) and (17) JF ( (11) gives the free energy maximum (not minimum) with respect to M(k) for the case n<l. Some discussions on this delicate problem will be given in the last section.
== Q(k) in the limit n~O. Then, for T> Tc (E=E/=O), the self-consistent equations (19) expressed in terms of the correlation functions G(k) and Q(k) are obtained as follows.
and (20b) where 
where x(O) is the result for VI (0) = O. This expression of the susceptibility is very similar to that of Sherrington and Kirkpatrick 5 ) of the spin-glass for Ising model, except for the mean square displacement i f> appears in place of the unity in their formula. On the other hand, if q is identically zero, Eq. (26) reduces to the ordinary formula of the mean field theoryll) for structural phase transitions.
From these results (24a), (24b), (24c) and (26), putting q=O the ferrodistortive transition temperature is determined as (27) and the freeze-in transition temperature is also determined as 
In Fig. 1 
which takes the constant value 12 ) (as shown in Fig. 2 ) below the freeze-in transition temperature. We shall see in the next section that the constant susceptibility below tF corresponds to a freeze-in of the correlation length, after the analysis due to the phonon theory beyond the simple mean field (Einstein oscillator) approximation. *) The transition between ferrodistortive and frozen states is not analyzed in the present paper, so that their boundary in this figure is obscure. **) This approximation gives a mean field treatment as far as q is concerned, because it means the neglect of replica-correlations <x!x/>o (a*/3) due to the decoupling of fourth-order interactions such as x iaX lx/xl ~ <x iaX l>o<Xjax/l>o. which corresponds to the ladder approximation of GL T of spin-glasses without use of the replica method.7)-9) The generalized susceptibility Xk is defined as (35) whose Fourier transform gives the real space correlation function:
Now, we proceed to obtain the self-consistent equations for cp and q. Assuming that vl(k)~Vl(0)-yk2, from Eq. (34) we have (37) with the O-mode susceptibility xk=o=D(k=Otl=D-I and a quantity y prop'ortional to VI (0 ). *) Then, we integrate Eqs. (33a) and (33b) with respect to k, noting that in the continuum limit the sum over k can be replaced by the integral over the sphere of radius kM, i. 
for d=2m+2
Explicitly, it can be derived as y= (d+2) 
(48 )
Thus we have 'again the constant susceptibility in the frozen phase as obtained in § 3. Then the correlation function of Eq. (36) has the form:
with the correlation length ~ (R=lri-rjl-->CXJ)
which gives the constant length below the freeze-in transition temperature. At first sight, it seems that the above analysis on the frozen phase does not bring any qualitative change with respect to the essential feature of the freeze-in transition in comparison with the previous mean field approximation (except for a quantitative change due to the phonon approximation). In fact, if we put d ~ co, the above analysis yields essentially the same results as in § 3. However, an important problem arises here with respect to the spatial dimension d. Namely, the occurence of para ~ frozen transition depends on the existence of the solution of Eq. critical dimensionality dLCD equals four. 14 ),15) Although it is not yet obvious that dLCD becomes four in our case, we feel that the use of Edwards and Anderson type's order parameter q and the lowest order approximation, which implies the mean field treatment with respect to q ignoring the correlation <x/x/>o (a-::f:::-j3, i-::f:::-j), is responsible for the fact that the para-ferrodistortive-frozen phase diagrams undergo the qualitative change at d = 4. It should be noted that the ordinary critical dimension, below which the mean field approximation breaks down with respect to critical exponents, will be presumably d c = 6 for the present case as in the spin glasses. 16 ) § 5.
Conclusion and discussion
In this paper we have investigated the properties of the freeze-in transition of anharmonic oscillators with quenched random interactions on the basis of replica method. The treatment in mean field (Einstein oscillator) approximation gave a phase diagram with two types of the ordered phases, the ferrodistortive and the frozen phases, similar to the spin glasses. On the other hand the zero-field susceptibility below the freeze-in transition temperature becomes constant in contrast with the case of spin glasses. In this paper we have restricted ourselves to investigate near the freeze-in transition temperature. However, at very low temperature, there will be expected an interesting situation which corresponds to the "frustration" in spin glass physics. Furthermore the concept of frustration is closely related to the existence of two level systems l7 ) which, in general, characterize the glass-states at low temperatures. 18) As regards such a study at very low temperature for the anharmonic oscillator system witli random quenched interactions, it seems much is still left open to be cleared in future.
A few words should be added on the assumptions of the calculations in the present paper. One is about the replica symmetry. The replica symmetric solution with Map = M necessarily gives the maximum free energy with respect to M for the case n < 1. It will be desired to make clear which is correct the maximum or minimum of the free energy in the limit n ---+ 0, because it is reported a study that the choice of maximum free energy may be rather physical than that of minimum. 19 ) Further it remains to be studied a problem of the replica symmetry breaking at low temperatures. However the improvement of the present replica method for such subjects is very complicated to be handled here, so that it will be discussed elsewhere in future.
Another question is concerned with the dimension d of the space. It seems that the use of Edwards and Anderson type's order parameter q and the use of the mean field treatment with respect to q is responsible to derive the irrelevant results of § 4 for d-;;;; '4. However, at the present stage, it is not clear whether this unphysical property for d-;;;;'4 is due to merely approximations or the intrinsic character of the freeze-in transition itself. Therefore, in any case in future, both will be necessary to prepare a refined theory beyond the conventional mean field or the perturbation theories and to investigate how the anharmonic effect plays important role at low temperatures, for instance nonlinear excitation 20 ) in our oscillator system with quenched random interactions.
